A lot of work has been done in two-phase sampling for estimating the population mean of a study variable while considering the non-response at the second phase, see e.g.
Introduction
The use of auxiliary information can increase the precision of an estimator when study variable y is highly correlated with the auxiliary variable x (see ). In single phase sampling, while estimating the population mean by ratio, regression etc. methods of estimation, the auxiliary information in the form of a population parameter is required; when such information is not available, a two-phase sampling scheme can be used where a large first-phase sample measured over the auxiliary variable x is used to obtain a good estimate of population parameters. A second-phase sample can then be taken and the study variable y with an auxiliary variable x can be observed. Wu and Luan (2003) discussed that the major advantage of using two-phase sampling is the gain in high precision without a substantial increase in cost.
The presence or absence of population auxiliary information plays an important role in the efficiency of estimators for two-phase sampling. Samiuddin and Hanif (2007) first discussed that there are three possible cases for the use of auxiliary information; no information case (when population information about none of the auxiliary variables is available), partial information case (when population information on some auxiliary variables is available) and full information case (when population information on all auxiliary variables is available). emphasize that the estimators developed by using the same technique, for example regression or ratio, should be compared on the basis of the mean square error within these three cases because it is obvious that an estimator will be more efficient for the full information case as compared to partial and no. The same is true for partial and no information cases. The trend of using multi-auxiliary variables is increasing due to practical requirements. The above three cases can be considered for the use of multi-auxiliary information and in this manner the precision of the estimates can also be improved. Recently under these three cases, several classes of univariate and multivariate ratio and regression estimators have been developed in two-phase sampling by Ahmad et al. (2009a Ahmad et al. ( , 2009b and .
The most common method of data collection in survey research is sending questionnaires through the mail. The reason may be due to the minimum cost involved in this method. But this method has a major disadvantage in that, a high rate of non-response may occur. This may result in an unknown bias at any assumption because of the fact that the estimate based only on responding units is representative of both the responding and non-responding units. Personal interview is another method of data collection which generally may result in a complete response, but the cost involved in personal interviews is much higher than the mail questionnaire method. We may conclude from the above discussion that the advantage of one method is the disadvantage of the other and vice versa. Hansen and Hurwitz (1946) combined the advantages of both procedures. They considered a problem to determine the number of mail questionnaires along with the number of personal interviews to conduct in following up to non-response to the mail questionnaire, in order to attain the required precision at minimum cost.
Considering the above approach, let us assume that the population of size N is divided into two groups, one group consisting of the units who respond, called the response class, and the other group consisting of the units who do not respond, called the non-response class. Let N 1 and N 2 be the sizes of the responding class (denoted by U 1 ) and the non-responding class (denoted by U 2 ) of the population respectively. A sample of size n 1 (denoted by u 1 ) is selected from the population of N units and it is assumed that n 11 units (denoted by v 1 ) respond and n 12 (denoted by v 2 ) do not, where v 1 = u 1 ∩ U 1 and v 2 = u 1 ∩ U 2 . A sub-sample (denoted by v 2m ) of r 1 units out of n 12 is re-contacted such that r 1 = n 12 k 1 , k 1 > 1. Under this sampling scheme, Hansen and Hurwitz (1946) constructed the following unbiased estimator for population meanȲ of variable of interest y asȳ The variance of (1.1) is
j=1 (y j −Ȳ 2 ) 2 are population variances for responding and nonresponding portions with meansȲ = (N 
In the case of nonresponse for simple random sampling, Tripathi and Khare (1997) considered the estimation of mean vector for partial and complete nonresponse. Khare and Sinha (2009) proposed two classes of estimators of mean in the presence of non-response using multi-auxiliary variables. Further, Khare and Sinha (2011) considered class of estimators for population mean using multiauxiliary characters with unknown means in the presence of non-response.
After introducing the concept of two-phase sampling, use of auxiliary information and non-response in Section 1, Section 2 contains the two-phase sampling scheme with important developments in estimating population mean using single auxiliary information in the presence of non-response in the second phase. For the multi-auxiliary information case, the same sampling scheme, some important notations and results are discussed in Section 3. In Section 4, we have proposed a very general class of regression-cum-ratio-exponential estimator for estimating the mean of a study variable in the presence of non-response at both phases, and its special cases are also given in this section. Detailed empirical study has been conducted and discussed in Section 5. Finally some conclusions are provided.
2. Two-phase sampling in the presence of non-response in the second phase using a single auxiliary variable Consider the population of N units, and further it is assumed that from N , N 1 units (denoted by U 1 ) belong to the respondent group and N 2 units (denoted by U 2 ) belong to non-respondents. From N units, a first phase sample (denoted by u 1 ) of n 1 units is drawn by simple random sampling without replacement (SRSWOR). A second phase sample (denoted by u 2 ) of n 2 units (i.e. n 2 < n 1 ) is drawn from n 1 by simple random sampling without replacement (SRSWOR) and the variable of interest y is measured on it. In the second phase let n 21 units supply information which is denoted by v 1 and n 22 units refuse to respond which is denoted by v 2 , where v 1 = u 2 ∩ U 1 and v 2 = u 2 ∩ U 2 . A sub-sample (denoted by v 2m ) of r 2 units is randomly taken from the n 22 non-respondents by applying the method of Hansen and Hurwitz (1946) and this sub sample is specified by r 2 = n 22 /k 2 , k 2 > 1. Assume that no non response is observed in this sub sample. Following Hansan and Hurwitz (1946) , letȳ * 2 andx * 2 denote the estimate of population meanȲ andX respectively in the second phase with nonresponse and letx 1 denote the sample mean of the auxiliary variable in the first phase. Under this sampling scheme the following are the wellknown estimators for estimating the population mean of a study variable using auxiliary information in the presence of non-response.
The simple random sampling version of mean estimator in the presence of non-response suggested by Hansen and Hurwitz (1946) may be modified in the case of two-phase sampling when non-response is considered at the second phase as:ȳ * 2 = w 2ȳ2 + w 2ȳ 2r , (2.1) whereȳ 2 andȳ 2r denote the means of study variables for respondent and recontacted samples in the second phase, and w 2 = n 21 /n 2 and w 2 = n 22 /n 2 where n 2 and n 22 are respondent and non-respondent respectively, sample sizes in the second phase. The expression of variance is Srivastava (1993, 1995) proposed ratio, product and regression estimators in the presence of non-response at the second phase. Their ratio estimator is
and
where
The product estimator is
XS yx where
where S 2 Tabasum and Khan (2004) revisited the Khare and Srivastava (1993) ratio estimator T R1d and found that the cost of this estimator is less than the cost calculated by Hansen-Hurwitz (1946) estimators under certain conditions. suggested the following generalized version of modified exponential ratio and exponential product type estimators using two-phase sampling.
and MSE(t
(1 + 4C) (2.14)
When a = −1 and 1, the expression given in (2.12) becomes an exponential-ratioestimator and exponential-product estimator along with their bias and mean square error respectively.
3. Two-phase sampling using multi-auxiliary variables in the presence of non-response at both phases
In two-phase sampling, when auxiliary information is obtained from the first phase sample that is relatively larger than the second phase, the non-response rate will be larger in the first phase sample. A lot of literature is devoted to the case when nonresponse occurs in the second phase. Hence there is a need to develop estimators when non-response is considered in both phases. In this paper, a class of generalized estimators in the presence of nonresponse in both phases is developed. It is also considered that information on all auxiliary variables is not known (No Information Case) that usually occurs in most practical situations.
After discussing the sampling scheme of Section 2, from the first phase sample (denoted by u 1 ) of n 1 units we assume that n 11 units supply information which is denoted by, and n 12 units refuse to respond which is denoted by v 2 , where
A sub-sample (denoted by v 2m ) of r 1 units is randomly taken from the n 12 non-respondents by applying the method of Hansen and Hurwitz (1946) and this sub sample is specified by r 1 = n 12 /k 1 , k 1 > 1.
In the Hansen and Hurwitz (1946) approach it is assumed that no non response is observed in the sub sample of non-respondents. But it is not a realistic assumption in recent sampling and it is possible that non-response may appear in re-contracted samples.
Let, x i denote the ith auxiliary variable for all i = 1, 2, 3, . . . , q with population
L=1 X 2iL denote the population means of the ith auxiliary variable for the response and non-response groups respectively, and S 2
) 2 denote the variances of the ith auxiliary variable for the complete population and non-respondents respectively.
) denote the co-variances between the two auxiliary variables for complete population and the population of non-respondents respectively, and
denote the co-variances between the study and auxiliary variable for complete population and the population of nonrespondents respectively.
Letx 1i = n −1 11
l=1 x 2il denote the sample means of the ith auxiliary variable for the first and second phase responding units respectively, andx
l =1 x r 1 il denote the sample means of the ith auxiliary variable for sub-sampled units in the first phase and second phase respectively.
Following Hansen and Hurwitz (1946) 
2 (n 21x2i +n 22xr 2 i ) denote sample means of the ith auxiliary variable for first phase and second phase respectively considering the respondents and recontacted samples.
Further, let λ 1 = n −1
2 (1 − f 2 ) be sampling fractions for the first and second phase respectively,
2 W 2 (k 2 − 1) are the sampling fractions for non-respondents who are recontacted at the first and second phase respectively, where f 1 = N −1 n 1 and f 2 = N −1 n 2 . Also, λ 3 = λ 2 − λ 1 and θ 3 = θ 2 − θ 1 .
Generalized class of regression-cum-ratio-exponential estimators
Mohanty (1967) introduced a concept of combining regression and ratio estimators in simple random sampling and call it a regression-cum-ratio estimator. Similarly regression can be combined with exponential estimator. The sum of the ratio and exponential with some suitable weights can be multiplied with regression and it can help to see the role of the exponential part along with the ratio and regression parts. Also the rationale of suggesting the following general class of estimators is to search for the best member from all members of the class. Combining the regression, ratio and exponential parts, the class can be suggested as:
where a, b, c, d and g are suitable constants to be chosen for generating members of this class such that b + d = 1; and α i 's a are unknown constants to be determined by minimizing the mean square error of t q given in (4.1). From Hansen and Hurwitz (1946) , letēȳ *
2i −X i be the sampling errors of y, ith auxiliary variable in the first phase and ith auxiliary variable in the second phase respectively. Then simplifying and using binomial expansion, we can write (4.1) after ignoring the third and higher order terms as:
Again ignoring third and higher order terms for each expansion of the product and simplifying, we can write the expression as:
).
We can write the above expression in matrix notation as:
. . , q 3 are the diagonal matrices and q = q 1 + q 2 + q 3 . α q l 's a are vectors of unknown coefficient where l = 1, 2, 3 and the vector d * t
). Again ignoring the second and higher order terms for obtaining the MSE to the terms of o(1/n), we have
Squaring and taking expectation, we have 
Now (4.4) can be written as
To use the members of the suggested class practically, we require the elements of h. In almost all practical situations, the values of unknown parameters required for h are not available, hence for practical purposes we have to estimate the elements of h from sample observations. Without knowing or estimating the elements, we cannot use the members of the proposed class. Now, from (4.2), ignoring the third and higher order terms for each expansion of the product, we get
Now taking expectation, bias can be written as:
Bias(t q ) = Bias due to regression-cum-ratio + Bias due to regression-cum-exponential,
where the values of α q l 's can be used from h given in (4.7) and
By using the normal equations that are used to find the optimum values given in equation (4.7), equation (4.3) can be written as:
Now, using equation (4.5), we get:
A number of special cases of proposed class (4.1) may be deduced. These members of the class with their expressions of bias and MSE's are given in the following remarks.
Remark 1. We can obtain a regression estimator using multi-auxiliary variables when non-response occurs at both phases by substituting a = 1, b = c = d = g = 0 in (4.1) i.e.
The bias of (4.10) can be obtained by substituting a = 1, b = c = d = g = 0 in (4.8) as Bias(t qreg ) = 0.
The optimum value α 1q 1 = (Λ q 1 ) −1 Φ yxq 1 , the mean square error of (4.10) can be obtained by substituting a = 1, b = c = d = g = 0 in (4.5) and (4.6) and using (4.9) as
For a = −1, the difference estimator can be obtained as
Now for the optimum value α 2q 1 = −α 1q 1 , the MSE will remain the same as in (4.11) and bias will be zero.
Remark 2. We can obtain a ratio estimator by substituting
The bias of (4.12) can be obtained by substituting b = c = 1, a = d = g = 0 in (4.8) as
For the optimum value α 1q 2 =Ȳ −1 X −1 q 2 (Λ q 2 ) −1 Φ yxq 2 , the mean square error of (4.12) can be obtained by substituting b = c = 1, a = d = g = 0 in (4.5) and (4.6) and using (4.9) as:
We can obtain a product estimator when b = −1 as
For the optimum value α 2q 2 = −α 1q 2 , the bias and MSE will remain the same as for the estimator given (4.12). If q 1 = q 2 , (4.13) will be the same as (4.11).
Remark 3. We can obtain an exponential-ratio estimator by substituting
The bias of (4.14) can be obtained by substituting
The optimum value α 1q 3 = 2Ȳ −1 X −1 q 3 (∆ q 3 ) −1 Φ yxq 3 . The mean square error of (4.14) can be obtained by substituting d = g = −1, a = b = c = 0 in (4.5) and (4.6) and using (4.9) as
For g = 1 we can obtain the exponential-product estimator
The optimum value α 2q 3 = −α 1q 3 , The bias MSE will remain the same as for the estimator given in (4.14).
Remark 4. We can obtain a regression-cum-ratio estimator by substituting
The bias of (4.16) can be obtained by substituting
The optimum values α 3q 1 and α 3q 2 are α 3q 1 = ∆ −1
The mean square error of (4.16) can be obtained by substituting a = b = c = 1, d = g = 0 in (4.5) and (4.6) and using (4.9) as (−1, 1, 1) , (−1, 1, −1)}, the regression-cum-product, difference-cum-ratio and differencecum-product estimator are
The optimum values for t qrcp are α 4q 1 = α1 and α 4q 2 = −α 3q 2 , for t m dcr α 5q 1 = −α 3q 1 and α 5q 2 = α 3q 2 and for t q dcp α 6q 1 = −α 3q 1 and α 6q 2 = −α 3q 2 . The bias and MSE of regression-cum-product, difference-cum-ratio and difference-cum-product estimators are the same as for the estimator given in (4.16).
Remark 5. We can obtain a regression-cum-exponential-ratio estimator by
The bias of (4.18) can be obtained by substituting
The optimum values α 7q 1 and α 7q 3 are α 7q 1 = ∆ −1
The mean square error of (4.16) can be obtained by substituting a = d = g = 1, b = c = 0 in (4.5) and (4.6) and using (4.9) as (1, 1, 1) , (−1, 1, −1), (−1, 1, 1)} the regression-cum-exponentialproduct, difference-cum-exponential ratio and difference-cum-exponential-product estimator can be obtained as
The optimum values for t mrcp are α 8q 1 = α 7q 1 and α 8q 3 = −α 7q 3 , for t m dcer α 9q 1 = −α 7q 1 and α 9 q 3 ×1 = α 7 q 3 ×1 and for t m dcp α 10q 1 = −α 7q 1 and α 10q 3 = −α 7q 3 .
The bias and MSE of regression-cum-exponential-product, difference-cumexponential-ratio and difference-cum-exponential-product estimators are the same as for the estimators given in (4.19).
The expressions of bias and MSE for the above special cases can be obtained from (2.9) and (2.10) by using a suitable combination of (a, b, c, d, g ). The following table contains some existing estimators which are modified according to the situation discussed in this paper and are special cases of the proposed class. Sr. # (a, b, c, d, g, q1, q2, q3) Estimator Reference
Hansen and Hurwitz (1946)
Khare and Srivastava (1993, 1995) 
Theoretical comparison for the proposed class
In this section we compare our proposed class of estimators with Hansen and Hurwitz (1946) . The comparison of the proposed class of estimators with Hansen and Hurwitz (1946) is:
We can observe that our proposed class of estimators is more efficient than Hansen and Hurwitz (1946) .
Empirical comparison
For empirical comparison, the data set of the Census Report of the Faisalabad District (1998) Pakistan has been used, which was also used by Ahmad et al. (2009b) . For calculation of Bias and MSE of the estimators, it is assumed from 283 population units that 28% are non-respondents i.e. N 2 = 80 and remaining N 1 = 203 are respondents. The details of the study and auxiliary variables are given in Table A1 . Each variable is taken from Rural Locality. The necessary results required for the calculation of bias and MSE are given in Tables A2, A3 and A4. The values of bias and percent relative efficiency of the proposed and existing estimators for different values of n 1 , n 2 , k 1 and k 2 are given in Tables A5  and A6. For different combinations of a, b, c, d and g fourteen members of the proposed class have been considered for empirical comparison. As in the literature, the only case discussed was where non response was considered in the second phase. Therefore, for comparison purpose, estimators of the literature are modified according to the situation where non response is considered in both phases and empirical results are given in Section 5.
From Table A5 , the MSE of six estimators (ratio, product, regression, difference, exponential, exponential ratio and exponential product) is the same and similarly, for eight remaining estimators is the same. The group of eight estimators is more efficient because the Percent Relative Efficiency (PRE) of Table A1 . Description of variables (Each variable is taken from Rural Locality).
Description of variables

Y2
Population of currently married X1 Population of both sexes X2 Population of primary but below matric X3 Population of matric and above X4 Population of 18 years old and above X5 Population of women 15-49 years old this group is greater than the group consisting of six estimators. To check the performance within these two groups, there is a need to observe the bias of these from Table A6 . This group of eight estimators having the same MSE can be further divided into two groups on the basis of biases, each consisting of four estimators. The first group of four estimators (Regression-cumexponentialratio, Regression-cum-exponential-product, difference-cum-exponential-ratio and difference-cumexponential-product) is preferred because it has less bias as compared to the second group of estimators (Regression-cum-ratio, Regression-cumproduct, difference-cum-ratio and difference-cum-product). Now we want to check the rate of increase/decrease in Bias and MSE of the different estimators by increasing the values of n 1 , n 2 , k 1 and k 2 under the assumption that the trend will be linear. For this purpose, two values are considered for each n 1 , n 2 , k 1 and k 2 and slopes are calculated for Bias and MSE of all estimators. The results are given in Table A7 .
From Table A7 , by comparing our suggested and existing estimators, we can observe that when we increase the value of k 1 and k 2 , the value of PRE of estimators decreased as expected. The decrease in PRE of T R1d is more when Increases in the value of n 1 increases the PRE of all the estimators considered in the comparison. The increase is high in suggested estimators particularly in the group of eight estimators. In the case of bias, almost all of the suggested 
R(−1)d . Increases in n 2 decreases the PRE for all estimators unexpectedly. The increase is high in the suggested estimators, especially in the group of eight. In the case of bias all are stable except t 
Conclusions
We can conclude from the above discussion regarding bias, relative efficiency and slopes that four classes of estimators (Regression-cum-exponentialratio, Regression-cum-exponential-product, difference-cum-exponentialratio and difference-cum-exponential-product) have less Bias and MSE than all suggested and existing estimators, and are also less sensitive to increasing the values of n 1 , n 2 , k 1 and k 2 . Hence this group is preferred over all other considered estimators.
